Knowledge of the behavior of stochastic optical fields can aid the understanding of the scintillation of light propagating through a turbulent medium. For this purpose, we perform a numerical investigation of the evolution of the scintillation index and the optical vortex density in a speckle field after removing its continuous phase. We find that both the scintillation index and the vortex density initially drop and then increase again to reach an equilibrium level. It is also found that the initial rate of decrease in both cases is 1 order of magnitude faster than the eventual rate of increase. Their detail shapes are however different. Therefore different empirical functions are used to fit the shapes of these curves.
INTRODUCTION
Although optical vortices [1] have found various applications, including optical measurement [2] [3] [4] , trapping and manipulation of particles [5, 6] , free-space optical communication [7] [8] [9] , quantum entanglement [10, 11] , and optical vortex coronagraph [12] , their presence in an optical beam is not always desirable. Optical vortices appear spontaneously when coherent light is distorted severely enough by a random medium, such as a turbulent atmosphere, through which it propagates. Such vortices are located at the dark regions where the intensity vanishes and the phase is singular. Optical vortices can have either positive or negative topological charge, depending on the handedness of the phase increment around the vortex core. A pair of positive and negative vortices can be annihilated or created during free-space propagation.
To address the challenge of removing these optical vortices [13] it is necessary to understand the collective behavior of optical vortices in strongly scintillated beams, as well as in other optical vortex fields. As a starting point one can consider optical speckle fields, which are better understood.
Obtained by scattering coherent light through a highly distorted medium or by reflecting coherent light from a surface with its roughness on the scale of a wavelength, a speckle field contains a random distribution of optical vortices. The optical vortex density, which is defined as the total number of vortices per unit area and given by half the inverse of the coherence area of the speckle beam [14] , is statistically stable along the propagation direction. The net topological charge in any finite area tends to be much smaller than the total number of vortices in that area, especially for larger areas. The topological charges of neighboring optical vortices are anti-correlated [15] . In spite of their point-like appearances, optical vortices have an influence over the whole wave field and therefore affect the global phase structure. Considering the speckle in a three-dimensional volume, one finds that the point-like vortices become lines [16] [17] [18] [19] that can be curved, knotted, and looped, giving rise to the motion, creation, and annihilation of vortices in a two-dimensional plane perpendicular to the propagation direction. However, the rate of vortex dipole annihilation is statistically equal to the rate of vortex dipole creation so that the average vortex density remains constant during propagation. In this sense, a static speckle field represents a state of equilibrium during its free-space propagation.
It is easier to use numerical methods to study optical vortices in speckle fields [19, 20] than to use experimental techniques. Far-field Gaussian speckle fields can be generated as the Fourier transform of a set of point sources having random phases [14] . Examples of different ways to simulate the illuminated sources include uniformly illuminated square envelopes, uniformly illuminated circular envelopes, and symmetric Gaussian envelopes [21, 22] . Although the properties of static speckle fields have been widely investigated [14, [22] [23] [24] [25] [26] [27] [28] [29] , studies of the properties of speckle fields after their equilibrium states have been destroyed are rare.
Our approach to address the challenge of removing optical vortices is to first understand the underlying dynamics of optical vortices that is inherent to stochastic optical fields. Hence, in this paper, we extend our previous work [30] on optical vortices in strongly scintillated beams by considering the evolution of a speckle field after destroying its equilibrium state through the removal of the continuous part of its phase function. Although a speckle field differs from a scintillated optical field, an under-standing of the dynamics of vortices in phase corrected speckle fields will enhance our understanding of similar dynamics that exist in scintillated beams. We propagate the phase corrected speckle field step by step in freespace, in a way similar to the numerical method used by Martin and Flatté in their study of laser beams propagating in random media [31, 32] . Both the scintillation index and the vortex density are used in our study of the evolution of phase corrected speckle fields.
MATHEMATICAL BACKGROUND
A speckle is obtained from a coherent superposition of multiple plane waves with a random angular spectrum, restricted to a region around the origin of the spatial frequency domain. The size of this region is inversely proportional to the coherence area of the speckle beam. A speckle field ͑x͒ can therefore be written as
where x is the two-dimensional position vector on a plane perpendicular to the direction of propagation (the propagation axis is assumed to be the z-axis), a is the twodimensional spatial frequency vector, and ␣͑a͒ represents the random angular spectrum for the speckle beam. In this paper a Gaussian spectral envelope is used to restrict the angular spectrum to the area around the origin, as given by
͑2͒
where ͑a͒ is a normally distributed complex-valued random function and W is a scale for the radius of the angular spectrum. The spatial coherence length L c , which is defined here as the square root of the spatial coherence area, is inversely proportional to W.
One can express the speckle beam in terms of amplitude and phase. The phase can be separated into a continuous phase and a sum of phase singularities (optical vortices). The complex-valued speckle field is therefore expressed as
where c ͑x͒ is the continuous phase, ͑x − x n ͒ represents a phase singularity located at x n , and n represents the topological charge (Ϯ1) of the phase singularity.
Here we investigate the behavior of a speckle beam after the continuous part of the phase has been removed. The separation between the continuous and singular parts of the phase is not unique. One way to do the separation is to compute the least-squares phase, which gives an optimal estimate of the continuous part of the total phase. We illustrate the process in Fig. 1 . The amplitude (or the square root of the intensity) of a typical speckle field is shown in Fig. 1(a) , and Fig. 1(b) presents the total phase of the speckle field ͑x͒. The least-squares phase LS ͑x͒, which is shown in Fig. 1(c) , can be computed from the Fourier transform of the Laplacian of ͑x͒. From the Fourier theorem we know that
Since the phase singularities do not survive the transverse Laplacian operation ٌ T 2 [33, 34] , one can recover the continuous part as the least-squares phase,
For the discrete case, as used in numerical simulations, this becomes
where ⌬ T 2 represents the discrete version of the transverse Laplacian and ␦ x ͑␦ y ͒ is the sample spacing in the Fourier domain along x ͑y͒. The least-squares phase LS ͑x͒ is removed by multiplying the speckle beam with the complex conjugate of the least-squares phase. As a result the speckle field now only contains the singular part of the phase, shown in Fig.  1(d) , which only consists of phase singularities. The resulting so-called phase corrected speckle field is then allowed to propagate through free-space, as explained in the next section. Note that the amplitude [ Fig. 1(a) ] is not directly affected by this least-squares phase removal process.
The variation in the intensity of an optical field can be quantified by the scintillation index, which is defined as the variance in the intensity divided by the square of the average intensity. In terms of the moments it is given by
The scintillation index of a speckle field is approximately equal to 1. We will use the scintillation index, together with the vortex density, to study the evolution of the op- tical field after the least-squares phase has been removed.
One can argue that the evolution of the vortex density or the scintillation index should become conformal in the paraxial limit, because in this limit one can formulate the propagation of light completely independent of any scale parameters. This is indeed what is observed: plotting the scintillation index or the normalized vortex density as a function of the (dimensionless) normalized
where L c is the coherence length, one finds that the curves always have the same shape, regardless of the values of L c or . Hence, in the paraxial limit the evolution of the vortex density and the scintillation index are unique and scale invariant. In this paper, we only consider the paraxial limit.
NUMERICAL SIMULATION
The propagation of the speckle beam after the removal of its least-squares phase was simulated with a numerical implementation of scalar diffraction theory, based on Fourier optics [35, 36] . The input speckle fields are sampled complex-valued functions, consisting of 512ϫ 512 samples that represent the speckle beam in a plane perpendicular to the propagation direction. The speckle fields are produced by numerical implementations of Eqs. (1) and (2), where the starting point is a randomly generated twodimensional array of normally distributed complex values to produce ͑a͒. The Fourier transform of the resulting angular spectrum ␣͑a͒ then gives a speckle field with periodic boundary conditions. In other words, the opposite edges of the speckle field match each other continuously so that the field could be used to tile the infinite twodimensional plane to produce a continuous function. As a result the speckle field does not expand during propagation. This is necessary to avoid edge effects and aliasing. Care is taken to ensure that the periodic boundary conditions are also maintained during the least-squares phase removal process and the entire propagation process.
The numerical procedure propagates the initial phase corrected speckle field through free-space over progressively larger distances. The propagation distance is increased in logarithmically increasing steps. The reason for the logarithmic dependence follows from the shapes of the resulting vortex density and the scintillation index curves. Due to a large difference in the initial rate at which these quantities decrease compared the subsequent rate at which they increase again, it is better to simulate the process at logarithmically increasing propagation distances. (The very slow rate of increase after the dip previously caused the authors to have the incorrect impression that the dip represented an equilibrium vortex density [30] .) For each step the scintillation index is computed and the total number of vortices that are located inside the 512ϫ 512 sample window is determined as a function of the logarithmic propagation distance. The simulation was repeated several times for different initial speckle fields, having different coherence areas. We kept the wavelength the same (equal to one sample spacing) for all the simulations. The coherence length, which is always computed from the final vortex density V ϱ according to L c = ͑2V ϱ ͒ −1/2 , was always chosen to be large enough to ensure that all the simulations obey the paraxial approximation.
NUMERICAL RESULTS
The normalized optical vortex density for a phase corrected speckle field is shown in Fig. 2 as a function of linear normalized propagation distance [ Fig. 2(a) ], as well as logarithmic normalized propagation distance [ Fig. 2(b) ]. The latter makes it easier to see the final equilibrium optical vortex density. The normalized propagation distance is defined as t = z / L c 2 . The optical vortex density curves have been normalized before the averages and standard deviations were computed. The curve shown in Fig. 2 represents a case where L c = 19.7, which is well within the paraxial limit. It reveals several interesting features of the process. After the least-squares phase has been removed, the vortex density drops drastically as a function of the propagation distance. The vortex density then reaches a minimum value of about 70% of the initial vortex density. The vortex density then starts to rise again, but at a rate that is 1 order of magnitude slower than the rate at which it dropped. Finally it reaches an equilibrium value of about 88% of the initial vortex density. Perhaps the most striking feature of this curve is the large difference in scale between the propagation distances required to go from the initial density to the dip and from the dip to the final equilibrium value.
The numerical data obtained for the evolution of the vortex density in the paraxial limit can be fitted by the function
where z is the propagation distance,
and k 2 = ͑0.285± 0.013͒ / L c 2 , with being the wavelength and L c being the coherence length, computed from the final equilibrium vortex density of the phase corrected speckle field. The equilibrium value of the vortex density is represented by A 0 and is by definition equal to 1 / 2L c 2 [14] . The values of the optical vortex density, which are shown in Fig. 2 , are normalized with respect to the initial vortex density, which is given by A 0 + A 1 − A 2 . Being densities, the three constants A 0 , A 1 , and A 2 scale as 1 / L c 2 . The way in which the remaining parameters depend on and L c follows from the scaling properties in the paraxial limit. As a result the position of the minimum vortex density also scales according to the scaling properties in the paraxial limit and is given by z m = 1.1L c 2 / . We do not currently have a very compelling reason why the function for the evolution of the vortex density should have the form given in Eq. (8), other than saying that one expects it to be composed of exponential functions to represent the decay process associated with the diffusion of vortices. Figure 3 shows the evolution of the scintillation index for the same phase corrected speckle field that is considered in Fig. 2 . Again curves are shown as a function of linear normalized propagation distance [ Fig. 3(a) ] and logarithmic normalized propagation distance [ Fig. 3(b) ]. The shape of the curves shows a behavior that resembles the evolution of the vortex density. After the least-squares phase has been removed, the scintillation index also drops, but it starts off more gradually than the vortex density. The scintillation index then reaches a minimum value of about 0.7, which is 70% of the initial value, similar to what is observed for the vortex density. The minimum is also located at a propagation distance that is very close to the location of the minimum vortex density. The subsequent rise in the value of the scintillation index also occurs at a rate that is much slower than the rate at which it dropped. However, the final equilibrium value is approximately equal to 1, which is the same as that it started with, meaning that the optical field has the appearance of a speckle field again.
The numerical data for the evolution of the scintillation index in the paraxial limit, which is shown in Fig. 3 , can be fitted by the function 
DISCUSSION
There are obvious similarities between the curves for the scintillation index (Fig. 3) and the vortex density (Fig. 2) . Both show an initial drop, reaching their minima of about 70% of the initial values at roughly the same propagation distance, and then rising again at a much slower rate toward their respective equilibrium values. However, the resemblance ends here. A closer inspection of the curves shows that they are qualitatively rather different. While the vortex density starts with a fairly steep negative slope, the scintillation index appears to have a zero initial slope. Naturally the initial values of the two quantities are different. The initial vortex density depends on the speckle field before the phase removal, whereas the scintillation index is always close to 1. The equilibrium values are also different. The scintillation index goes back to 1. The vortex density, on the other hand, settles at a lower value than its initial value.
The phase of the speckle field is changed all of the sudden when its least-squares phase is removed, while the amplitude (intensity) remains untouched. Because optical vortices are connected with the global phase structure of an optical field, the vortex density starts to change immediately after the phase removal. However, the scintillation index will not change immediately after the phase removal because it depends on the intensity. During subsequent propagation the phase changes due to the least-squares phase removal become coupled with the amplitude, which is reminiscent of an optical beam propagating in free-space after passing through a phase screen. As a result, there is always a lag in the behavior of the scintillation index with respect to the behavior vortex density (for example, z m is slightly smaller than z d ).
The qualitative differences of these curves imply that different functions are required to fit them. While the vortex density is fitted with a bi-exponential function, shown in Eq. (8), the scintillation index is very well fitted by a Gaussian as a function of the logarithmic propagation distance, shown in Eq. (9) . This reveals deeper differences between the two curves. Firstly, the scintillation index requires only one scale parameter, which is given here in terms of the location of the dip, and which is proportional to L c 2 / . The vortex density, on the other hand, requires at least two different scale parameters. Both are proportional to L c 2 / , but their proportionality constants differ by a factor of almost 1 order of magnitude. This apparent separation in scales is a fascinating observation that merits further investigation. Secondly, the initial value and slope of the scintillation index do not give information about the appearance and location of the dip. In contrast one can use the initial value and slope of the vortex density curve to solve for two of the free parameters required to fit the curve.
The shape of the vortex density curve, shown in Fig. 2 , is somewhat surprising. One might have expected that the restoration of the normal speckle behavior would follow a simple exponential decay process for the vortex density after the phase correction perturbed the equilibrium. In such a case the process could be described by a first order differential equation. Instead the process follows a curve that cannot be produced by a single first order differential equation, because the slope of the function in Fig. 2 is not directly related to that function value. The curve therefore requires a second order differential equation. The second order differential equation that gives Eq. (8) as a solution is given by
where
The parameters A 1 and A 2 in Eq. (8) are determined by initial conditions. The rest of the parameters appear explicitly in the differential equation.
The shape of the curve for the scintillation index is less surprising, because one does expect the scintillation index to return to 1, representing a speckle at the equilibrium state. One can compare the curve for the scintillation index that is shown in Fig. 3 with the well known behavior of the scintillation index of an optical beam propagating through a turbulent medium. It is known that under such conditions the scintillation index reaches a maximum and then decreases to an equilibrium value of 1 [37] . The rate at which the peak is reached is much faster than the rate at which it then decreases until it reaches the equilibrium value. In that case the scales that govern these rates are given in terms of the scales provided by the properties of the turbulent medium. It is therefore quite surprising that a similar difference in scales is observed in the present scenario where no turbulent medium is present.
An attempt to describe the evolution of the scintillation index by a differential equation does not make sense, because one cannot solve all the free parameters required in that function from knowledge of the initial conditions. It is amusing that the shape of the evolution of the scintillation index is a mirror symmetric Gaussian function around the minimum value when plotted as a function of the logarithmic propagation distance.
SUMMARY
The evolution of the scintillation index and the vortex density is investigated after the least-squares phase was removed from an optical speckle field. The phase removal process serves to destroy the equilibrium in the speckle field. The investigation reveals that the scintillation index drops to a minimum and rises again to an equilibrium value of 1 as expected for a speckle field. The vortex density also initially drops to a lower value and then rises again to an equilibrium value that is lower than the initial value. In both cases the rate of increase is much slower than the initial rate at which these quantities decreased. Different functions are used to fit these curves, and a second order differential equation is proposed for the evolution of the vortex density.
